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The approximated tri-bimaximal mixing (TBM) observed in the ν oscillations is a particular feature of a
class of models characterized by the spontaneously broken horizontal flavour symmetry A4. In this paper, it
is presented an analysis on the predictions of these models for relevant low-energy observables. In an effective
operator approach, these effects are dominated by dim-6 operators, suppressed by the scale M of new physics
(NP). Indications for M and an upper bound on θ13 of a few percent are found.
1. INTRODUCTION
The Standard Model (SM) fails in describing
nature and its behaviour: νs are the most out-
standing proof of this defeat, in fact the solar
and atmospheric anomalies find the simplest so-
lution in the ν oscillations, possible only if νs
are massive particles. However SM represents the
starting point of almost all beyond the Standard
Model (BSM) theories, due to its predictivity in
many physical sectors. It is then fundamental to
understand what is the theory which can embed
SM and describe correctly νs at the same time.
In order to overcome our ignorance of the correct
BSM theory, a very appealing description can be
done by a low-energy effective approach, where
the Lagrangian is a sum of the usual SM one plus
non-renormalizable terms, suppressed by the cor-
rect power of the cut-off scale Λ:
L = LSM +
L5
Λ
+
L6
Λ2
+ . . . (1)
Here, L6 represents more than 80 independent
dim-6 operators, while L5 the unique, up to
flavour combination, dim-5 operator and it is re-
sponsible for the ν masses:
L5
Λ
=
1
Λ
(H˜†l)TY (H˜†l)+h.c. =
v2
2Λ
νTY ν+h.c.(2)
where Y is a 3 × 3 complex symmetric ma-
trix. From a simple dimensional estimation,
Λ ≃ 1015GeV, therefore we can say that νs pro-
vide a window in the GUT physics.
The simplest scenario we can imagine consists in
the presence of two energy scales: a first very
large, MGUT , where GUTs and flavour symme-
tries find their natural settlement; a second very
low, the e.w. scale, at which particle masses and
mixing angles have the measured values. It is very
difficult to get informations about the theory at
MGUT from the low-energy observables, therefore
the search for new observables becomes underly-
ing. A possibility is to introduce an intermediate
energy scale, M , at about 1− 10 TeV: this corre-
sponds to the presence of some kind of NP, which
we do not specify, at this scale. Other indications,
which enforce this choice, come from other sectors
of Physics, like the anomalous (g−2)µ, Dark Mat-
ter, the running of the gauge coupling constants
and the hierarchy problem, which would benefit
by the introduction of this scale M .
In section 2, we illustrate the construction of
a model based on the discrete non-Abelian A4
group, whose relevant feature is to predict the
TBM[1], that is an excellent approximation of the
experimental data[2]: at 2σ errors
sin2 θ13 < 0.036 sin
2 θTBM13 = 0
sin2 θ23 = 0.466
+0.136
−0.100 sin
2 θTBM23 = 1/2
sin2 θ12 = 0.312
+0.040
−0.034 sin
2 θTBM12 = 1/3 .
(3)
In section 3, we analyze the predictions of the
model for a set of relevant low-energy observ-
1
2ables, as lepton flavour violating (LFV) transi-
tions, leptonic magnetic dipole moments (MDM)
and electric dipole moments (EDM), in two sep-
arate cases, a supersymmetric and a general one.
The results are summarized in section 4.
2. MODELS WITH A4 FLAVOUR SYM-
METRY
Several models have been proposed to produce
the TBM scheme (a complete list of papers in [3])
and among the most economic and simplest ones
are those based on the discrete group A4[4,5]. A4
is the group of even permutations of four objects.
It is generated by two elements S and T obey-
ing the relations S2 = (ST )3 = T 3 = 1. The
group A4 has two obvious subgroups: GS isomor-
phic to Z2, generated by S, and GT isomorphic
to Z3, generated by T . They are the relevant
low-energy symmetries of the ν and the charged-
lepton sectors at leading order, respectively. The
TBM is then a direct consequence of this special
symmetry breaking pattern, which is achieved via
the vacuum misalignment of triplet scalar fields,
called flavons.
Concerning the flavour group Gf , following [4],
we choose
Gf = A4 × Z3 × U(1)FN . (4)
The three factors in Gf play different roles. The
spontaneous breaking ofA4 is directly responsible
for the TBM, while the Z3 factor is a discrete ver-
sion of the total lepton number. Finally, U(1)FN
is responsible for the hierarchy among the charged
fermion masses. The flavour symmetry break-
ing sector of the model includes the scalar fields
ϕT , ϕS , ξ and θ: 〈ϕT 〉 ∝ (u, 0, 0), which breaks
A4 down to GT , 〈ϕS〉 ∝ (u, u, u),which breaks A4
down to GS , 〈ξ〉 ∝ u and 〈θ〉 = t, where u and
t are the small symmetry breaking parameters of
the theory, respectively 0.001 < |u| < 0.05 and
|t| ≃ 0.05. This VEV alignment comes from the
minimization of the scalar potential (see [4]).
Therefore with a particular assignment of the
quantum numbers to the SM particles and the
flavons and the well defined vacuum alignment
just described, the model predicts, at the leading
order, a diagonal charged lepton mass matrix and
a ν mass matrix which is exactly diagonalized by
the TBM matrix. The sub-leading terms intro-
duce corrections to the mass matrices of relative
order |u| providing a non-zero value of θ13 and
a non-maximal value for θ23. Such a framework
can also be extended to the quark sector[6].
3. PREDICTIONS FOR LOW-ENERGY
OBSERVABLES
In an effective field theory approach, we first
integrate out the d.o.f. related to MGUT , giving
rise to the flavour structure of Leff , and then
the d.o.f related to M , therefore the dominant
physical effects of the NP at low energies can be
described by dim-6 operators, suppressed by M2
and not by 1/Λ2, opening the possibility that the
related effects might be seen in the future. These
observables are the MDMs, the EDMs and the
LFV transitions µ → eγ, τ → µγ and τ → eγ.
In the lepton sector, the leading terms of the rel-
evant effective Lagrangian are [7]:
Leff = LSM+δL(mν)+i
e
M2
ecTH†σFMℓ+. . . (5)
where e is the electric charge, ec the set of SU(2)
lepton singlets, Fµν is the electromagnetic field
strength and M ≡ M (〈φ〉) is a complex 3 × 3
matrixM, with indices in the flavour space. The
effective Lagrangian Leff is invariant under Gf ,
once we treat the symmetry breaking parameters
as spurions. As a result, the same symmetry
breaking parameters that control lepton masses
and mixing angles also control the flavour pattern
of the other operators in Leff and we get thatM
has the same flavour structure of the charged lep-
ton Yukawa matrix. In the basis of canonical ki-
netic terms and diagonal charged leptons (we de-
note by a hat the relevant matrices in this basis),
Re(Mˆii) are proportional to MDMs, Im(Mˆii) to
EDMs and Mˆij describe the LFV transitions.
We can derive a bound on M , by considering
the existing bounds on MDMs and EDMs. The
strongest constraint, M > 80 TeV, comes from
the de: in order to lower this value in the range
we have previously indicated, we need to invoke a
cancellation in Im[M], which could be accidental
or due to some kind of CP-conservation. A very
interesting indication for LHC comes from δaµ,
3M ≈ 2.7 MeV. Considering now the LFV transi-
tions, BR(µ → eγ) ≃ BR(τ → µγ) ≃ BR(τ →
eγ): this represents a distinctive feature of the
model. Therefore, imposing the existing bounds
on µ → eγ, we can say that the τ decays are
below the expected future sensitivity. Moreover
we get M > 10 − 70 TeV, depending on |u|. We
finally conclude that the bounds we have found,
are above the region of interest for (g − 2)µ and
for LHC.
3.1. Supersymmetric case
The previous results are obtained without spec-
ifying the type of NP: if now we consider the pres-
ence of low-scale SUSY, we find new and interest-
ing outcomes. The off-diagonal entries ofM come
from two sources: the next-to-leading corrections
to 〈ϕT 〉 and the double flavon insertion of the type
ξ†ϕS . These contributions are in general of the
same size, but if the theory is supersymmetric,
with a softly broken SUSY, the first is dominant
[3]. The result is an additional suppression on
the elements below the diagonal of M: the con-
straints from de and δaµ remain the same, but we
find BR(µ→ eγ) ≃ BR(τ → µγ) > BR(τ → eγ)
and that the corresponding bound on M is soft-
ened,M > 1−14 TeV, depending on |u|. Now we
can conclude that there is a range for |u|, in which
the model explain the discrepancy in (g−2)µ and
a probably positive signal of µ→ eγ at MEG.
We can eliminate the dependence on the unknown
scale M :
BRµ→eγ∝(δaµ)
2
[
|w˜(1)µe |
2|u|4 +
m2e
m2µ
|w˜(2)µe |
2|u|2
]
(6)
We plot BR(µ → eγ) versus |u| in fig. 1, where
δaµ = 30.2(8.8)× 10
−10 and w˜
(1,2)
µe are kept fixed
to 1 (darker region) or are random numbers with
0 < |w˜
(1,2)
µe | < 2 (lighter region). We cannot con-
clude a sharp limit on |u|, but we see that the
present limit on µ → eγ disfavors values of |u|
larger than few percents. The same we can say
for θ13, since it is comparable to |u|.
4. CONCLUSION
The lepton mixing matrix is well approximated
by the TBM, which is easily recovered by flavour
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Figure 1. The branching ratio of µ → eγ as a
function of |u|, eq. 6.
models based on the discrete group A4: among
the others, A4 × Z3 × U(1)FN represents a sort
of minimal choice. We have studied the predic-
tions of this model for a set of observables and
we can conclude that the supersymmetric version
suggests the presence of NP at about a few TeV,
which explains the discrepancy in (g − 2)µ and a
probably positive signal for µ→ eγ at MEG and
indicates an upper bound for θ13 of few percents.
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